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Abstract 
Zhang, J.-W., A parametric study of pinched orthotropic cylindrical shells, Journal of Computational and 
Applied Mathematics 35 (1991) 319-330. 
A tensor-oriented mathematical treatment is proposed for finite-element analysis of shells of composite 
orthotropy involved. Based on this approach and a consistent shell theory, a parametric study concerning 
directional properties of pinched orthotropic cylindrical shells is performed by the NACS54 triangular and 
NACS48 rectangular elements developed. The computational results for a pinched isotropic cylinder are in 
closer agreement with the related closed-form solution than the other numerical ones. Using the present unified 
finite-element model, the prebuckling behaviours corresponding to various stiffness ratios and directional angle 
changes for pinched orthotropic cylindrical shells are also investigated in detail. 
Keywords: Pinched orthotropic cylindrical shell, tensor analysis, finite-element method. 
In many situations composite thin-walled structures are used to reduce dead weight and 
improve mechanical performance. Those composite structures such as fiber-reinforced plastics, 
corrugated steel sheets and laminated materials are of increasing importance in engineering 
applications. 
From the viewpoint of continuum mechanics, the orthogonal symmetries of most composite 
structures may be kept unchanged in an average sense under normal conditions, though their 
types of composite construction and the material-mechanical properties are different. Thus the 
constitutive relations of stress and strain tensors can be assumed to obey the quasi-orthotropic or 
orthotropic Hookean law. Due to the use of composite structures, designers need to know precise 
deformations and internal forces of orthotropic composite shells under a specified loading. The 
effects of orthotropy are involved in governing differential equations of shells and difficulties in 
the solution procedure take place. However, the approximate solutions of orthotropic cylindrical 
shells under local pressure and line load were obtained in [1,2], respectively, using Fourier series. 
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It should be noticed that in their solutions the coincidence of the principal axes of orthotropy is 
imposed implicitly with the cylindrical coordinates. Applications of these solutions are invalid 
for some orthotropic composite cylindrical shells such as filament wound tanks, since the 
principal axes may not coincide with the cylindrical coordinates. 
An efficient and time-saving way is the application of a FEM solution to the problems of 
orthotropic composite shells in orthogonal curvilinear coordinates under arbitrary loading by 
considering the influence of directional properties on their deformations and internal forces of 
the shells. Based on the direct stationary principle of total potential energy, a unified continuum 
model of shell finite elements for general thin-walled structures of directional orthotropy is 
developed and presented in tensorial notation. Such a model is especially efficient for computing 
elastic deformations and internal forces of filamentized and corrugated cylindrical shells. 
It is known that the approximations of curved midsurfaces of shells lead to the concept of 
parametric finite elements. From the viewpoint of computational mathematics, those approxima- 
tions are accompanied with a loss of accuracy in the formulation of natural geometry of shell 
elements. As the midsurfaces of most shells of industrial interest can always be defined by 
Gaussian curvatures exactly, an improvement, however, may be made in the formulation of shell 
geometry by retaining the explicit forms of properties of shell-element differential geometry in 
orthogonal curvilinear coordinates. In the computational implementation, the approximations of 
shell geometry are replaced with relative exact formulations in shell theories. 
Consideration of arbitrarily directional properties requires the introduction of a contravariant 
tensor of the coordinate transformation. The strain tensors with respect to principal axes of 
material are then related with the strain tensors with respect to orthogonal curvilinear coordi- 
nates of shells by the transformation tensor. A generalization of the consistent shell theory by 
Basar and Kratzig [3,4] may be made by the treatment to such an extent that complex problems 
of orthotropic composite shells can be solved numerically. 
The finite-element model suggested is also applicable to large deformation and postbuckling 
analyses of general orthotropic composite shells, provided that the nonlinear coupling terms 
remain in the expressions of strain tensors. For the limitation of paper length, the FEM analysis 
of prebuckling behaviour of pinched orthotropic cylindrical shells is most concerned in this 
paper. As a particular example, the comparison of the present results is made with the 
closed-form and numerical solutions for pinched isotropic cylindrical shells with two simply 
diaphragmed supports obtained, respectively, by Lindberg et al. [5] applying Fourier double 
series and by Dawe [6] using the finite-strip approach. There is no closed-form solution for 
pinched orthotropic cylindrical shells available for comparison or even no numerical solution 
concerning directional properties in the literature. The requirement is satisfied by the present 
research in supplying structural engineers and designers with a reliable and accurate finite-ele- 
ment method in the analysis of such shells. 
2. FEM formulations in tensorial notation 
2.1. Total potential energy 
Assuming that the wall of a shell is rather thin and the material property in the thickness 
direction is homogeneous, the total energy may be presented in terms of internal and external 
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potentials 
+=p+Q, 
and P and Q can be further expressed as 
(1) 
p=+ 
Jsi 
A n”+~,~ + m”PK,p d A, i 
Q = - /J,( p%, +p3u3) dA - L( n%, + n3u3 + m%,) dS, 
(2) 
(3) 
where nab, map, yap and ~~~ are, respectively, components of the stretching stress tensor, 
bending stress tensor, extensional strain tensor and curvature strain tensor; pa and p3, u, and 
u3, na and n3, ma and K, components of the surface load vector, displacement vector, boundary 
traction vector, boundary moment vector, and normal rotation vector. As usual, super- and 
subscripts in Greek vary in the range of 1 to 2, and imply that the tensor is contravariant or 
covariant. In (2) (3) A is the area of the shell midsurface and S its boundary line. 
2.2. Strain-displacement relations 
The components of strain tensors may be simplified according to practical applications. In the 
case of linear analysis of shell prebuckling, the linear strain tensors are taken as follows: 
Yap=%Jfi-~3&?~ (4) 
K aP 
= 
-u3 I a~ - 2u, I a$ - Oorh I p + u3ba& (5) 
in which U, ( p and u3 ( a are covariant derivatives of displacements with respect to the curvilinear 
coordinates 0” fixed on a shell element, as shown in Fig. 1, and hap and ba8 are components of 
Gaussian curvature tensors, respectively. 
2.3. Constitutive equations 
As a continuum finite-element model, the mechanical properties are assumed to obey the 2D 
Hookean law. The constitutive equations of the orthotropic composite structures are thus 
Fig. 1. NACS shell elements. Fig. 2. Coordinate transformation. 
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expressed as 
where DaBpA and BaSpA are components of the contravariant elastic tensors of stretching and 
bending. Referring to the symmetry in two principal directions, the nonvanishing components of 
the tensors are listed below: 
D”‘i 
1111’ 
01122 = D2211 D 2222 
_ B2211,’ B2222 ’ 
0’212 
B B”22 B1212 ’ 
while the others are equal to zero. The ‘elastic constants may be further determined by 
experiments or design codes. 
2.4. Coordinate transformation 
In some real situations the principal axes of material of shells such as filament wound tanks 
may not coincide with the curvilinear coordinates of the shells. Thus, as shown in Fig. 2, the 
coordinate transformation is required to connect base vector a, of the curvilinear coordinates to 
base vector e, of the Cartesian coordinates and can be written in contravariant form 
a _ pep = Taflefi (8) 
where Tap are components of a contravariant tensor of the coordinate transformation. It can be 
completely determined by (8) 
cos(aa, eP) = JiF cos(aa, eP), (9) 
in which aaa or a au are components of the metric tensor of the shells. In particular, considering 
a cylindrical shell of radius R, a,, = R2, and a22 = 1, the components of the transformation 
tensor are derived below: 
T” = f cos 0, T12 = - f sin 0, T21 = sin 0, T22 = cos 0. 
According to the transformation law of contravariant tensors, the two sets of components of 
elastic tensors are related by (9) 
DaBPA = TWT@TP”T”$jY”d 
> 01) 
@$A = T”YTfl”TPVTh$Yh< 
> 02) 
where DaPpX and BuPph are components of elastic tensors with respect to the Cartesian principal 
axes of material. In the analysis, they read as follows: 
51111 = E,t 52222 = E2t 51122 = D2211 _ v1E2t v2Elt - 
1 - v1v2 ’ 1 - v1v2 ’ 1 - VlV2 = 1 - v1v2 ’ 
,1212 = Gt, 
jpll = +2jj1111, B2222 = &252222, 31122 = 32211 = @p22, 
B -1212 = &Gt3. 
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3. The FEM stiffness equation 
In Fig. 1 two types of finite elements are depicted. The shape functions of triangular and 
rectangular elements are listed in detail in [7,8]. Using shape functions the displacement field of a 
system can be presented in terms of generalized nodal displacements 
u, = %;K:, u3 = z&y, 03) 
where i varies in the range of 1 to the number of degrees of freedom of a discretized system and 
1 in the range of 1 to the total number of nodes of the system. For the doubly-curved triangular 
shell finite element NACS54, each node has 18 degrees of freedom, and the nodal generalized 
displacement vector uI can then be listed below for detail: 
v/= @I, %,I, U1,2r u1.11, %,I27 u1,22, u2, u2,1, U2,2r u2.11, u2,12, u2,22, 
u37 u3,1, u3,2, u3,11, u3,123 u3,22 1’. 04 
In this case, Cowper polynomials are taken as the element shape functions. For the doubly-curved 
rectangular shell finite element NACS48, each node has 12 degrees of freedom, and the nodal 
generalized displacement vector uI can be given in like form: 
T 
v/= h, ul,l, u1,2, u1,12, ‘29 u2,1, u2,2, u2,12, u3, u3,1, u3,2, u3,12) . 05) 
In this case, bicubic Hermite polynomials are taken as the shape functions of the element. From 
(13) the relative derivatives are then obtained: 
U a,/3 = (%,B);G 
UaJ3A = b a,ph)iK 
According to the definition of 
written as follows: 
u,lp= (%lB);J% 
u31CI/3=(U31~~)iV~ 
U3.a = (~3,aLJc (16) 
U 3,np = (U3,ag)iK. (17) 
covariant differentiation, the related covariant derivatives may be 
(18) 
09) 
(u, I p), = C”a,fl); - (“h)irJi3~ 
( u3 I a/3), = CU3,CXa>i - C”3,A)ir$, 
(20) 
(21) 
where I$ is the Christoffel symbol of second type, and each component of the Christoffel 
symbol may be expressed in exact form by differential geometry properties of a curved 
midsurface. In particular, the components of the Christoffel symbol of cylindrical shells most 
concerned here are given below: 
p=o [ 4 0 0 1 0’ (22) 
p= [ 0 
ab 0 0 1 0’ (23) 
but in general, the components are nonvanishing. 
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By substituting (13)-(21) into (4) and (5) the components of the strain tensors are presented in 
terms of nodal variables 
Yap = YcYpX ) (24) 
K 
cd 
=K V apr I) (25) 
where 
Yap,= (%/B);-%3~3;. 
K apr= -(~31,p)l-2~~(uxI.);-~~IB”lxi+bh,bgh~3i. 
Further, substituting (24) and (25) into (6) and (7) results in 
#/3 = Hap 
I YT 
rfpfi = m”“l/ I 1) 
where 
(26) 
(27) 
(28) 
(29) 
,:p = @PA 
I Y phr = Ta~T~*TP~T~~~y~~~yp~~, (30) 
m”fl = B‘@Ph, 
I 
px, = T”YTB”TPST~~~yS’~~p~i. (30 
Using (24) (25), (28) and (29) the stiffness matrix and the load vector of a typical element can 
be derived: 
k;, = JJ ( @yap, + m:‘K,pij dA> (32) A” 
4f = /~~,( p”U,i +p3U3i) dA + S,~( n~u,; + n3u3; + m”~,i) dS. (33) 
By Gaussian integration quadrature, the components of the stiffness matrix and load vector can 
be computed and presented below: 
q;= 5 (paUd;+p3U3i)S~W,2Ae+ E (n”u,i+n3U3i+mUK,,)tRrLP, (35) 
s=l f=l 
in which a is the determinant of the matrix formed by components of the metric tensor asp, r/t: 
weighted coefficient of area integration at the point s, A’ the area of an element midsurface, R, 
weighted coefficient of line integration at the point t, L’ the length of the traction boundary of 
an outer element, N and M numbers of Gaussian quadrature integration points required. 
N = 21 is for the NACS54 elements and N = 16 for the NACS48 elements in area integration. 
The number of line integration points and the related weighted coefficients M and R, may be 
determined by the Zienkiewicz method [9]. 
As a shell structure is composed of a number of shell finite elements, the system stiffness 
matrix and equivalent load vector of the structure may be formed by summing up all contribu- 
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tions of common elements at each node and presented in the simple form 
NEN 
Km,= IJ kl',> 
e=l 
NEN 
Q, = U 4’. 
r=l 
(36) 
(37) 
The assemblages of the system stiffness matrix and load vector are carried out in the light of the 
given nodal order. After the procedure, the total energy of the discretized system can be obtained 
according to (1) and expressed in terms of nodal variables 
+=:K VV-Q,V,. M?l M n (38) 
The variation of (38) with respect to the generalized nodal displacements leads to the system 
equilibrium equation 
LX, = Q,. (39) 
The above equation in tensorial notation is the same as that in matrix form. In the finite-element 
solution procedure, the NACS54 and NACS48 elements for orthotropic shells are implemented 
in the FEMAS program for general finite-element analysis of plates and shells. The FEMAS runs 
on Apollo microcomputer systems, assembling the contributions of all elements to form the 
system stiffness equation and supplying a standard solver for the set of linear algebraic 
equations. 
The present derivation of finite-element formulation is an extension of the Harte and Eckstein 
procedure [7]. Their method can only be used to deal with isotropic shell problems, while the 
present one is valid and efficient for shell structures of composite construction with orthotropic 
and directional material properties. Therefore, it can satisfy requirements in engineering applica- 
tions in the analysis of such shell structures. 
4. A parametric study for material effects 
As a numerical example, the prebuckling deformations and internal forces of a pinched 
orthotropic cylindrical shell with two simply diaphragmed supports are investigated by the 
present unified continuum model and the orthotropic NACS54 and NACS48 elements developed 
herein. In the case of isotropy, there has been an approximate closed-form solution available for 
comparison, but in the case of orthotropy, no closed-form solution can be found so far in the 
literature. For the solution of the pinched orthotropic cylindrical shell, a parametric study of 
directional effects of orthotropy on the prebuckling behaviours of the shell is therefore per- 
formed in detail. 
The pinched cylindrical shell with diaphragm supports is shown in Fig. 3. The geometrical 
properties and coordinates for computation are also given in the figure. Due to the symmetry of 
the shell geometry and load case, an octant of the cylinder is taken for the finite-element 
analysis. Two nonuniform mesh idealizations on the octant portion are represented by 12 x 4 
NACS54 and 7 X 6 NACS48 finite elements and these discretized systems are shown in Fig. 4. 
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Fig. 3. Pinched cylinder geometry. Fig. 4. Mesh idealizations. 
In order to prove the effectiveness and accuracy of the present finite-element model a direct 
comparison is required for the isotropic pinched shell. In Fig. 5, the numerical results obtained 
for the deflection in hoop direction are plotted and compared with the corresponding finite strip 
and approximate closed-form curves. In addition, the computational results for membrane forces 
and moments in hoop direction can be found in Figs. 7(l) and 7(2) in which the related curves 
may be recognized by noting E,/E, = 1.0 for pinched isotropic cylinder. It is shown that in the 
FEM analyses by the mesh idealizations both the elements are of excellent accuracy and 
effectiveness. By NACS54 elements with more degrees of freedom per node, the resulting plots 
are closer to the double series solution than the other numerical results. 
The effects of orthotropy and directional property on the deformation and internal forces of 
the pinched cylinder can be examined by the present finite-element model and two elements. The 
geometry of the orthotropic cylindrical shells is selected as shown in Fig. 3. The mesh 
idealizations for the two orthotropic shell finite elements follow from those illustrated in Fig. 4. 
The comparative investigation is first performed into the influence of variation of stiffness 
ratio with respect to the curvilinear coordinates on deflection and membrane forces in the central 
section of the pinched cylinder. In Table 1, a group of stiffness ratios is listed, whose values are 
taken in a normal range. The computational results for the deflection and internal forces are 
-0.5 
-1.0 
-l,!i 
-2.0 
-o- Present NACSL6 
-a- Present NACSSL 
--- Finite strip onol. [ 61 
- Double series sol. [6 1 
Fig. 5. Deflection in the central section of the pinched isotropic cylinder. 
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Table 1 
Ez /E, 
G/E, 
VI 
1 2 3 4 5 6 7 8 9 
20.0 2.0 1.0 0.75 0.5 0.25 0.1 0.05 0.02 
2.1 0.58 0.38 0.34 0.29 0.22 0.14 0.07 0.01 
0.015 0.15 0.3 0.3 0.3 0.3 0.3 0.3 0.3 
-n- Present NACSSL 
- Present NACSf.8 
- Double series sol. I 6 1 
Fig. 6. Deflection in the central section of the pinched orthotropic cylinder. 
1 
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yn 
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-1 
-2 
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-4 
,” 
‘L a 0 
i 
-1 
-2 
-3 
-0- Present NACS48 
-o- Present NACSf.8 -4 - Double series sol.[ 61 
-5 
Fig. 7. Membrane forces in the central section of the pinched orthotropic cylinder; (1) in hoop direction; (2) in axial 
direction. 
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-a- Present NACSl8 
- Double series sol.16 ] 
-a- Present NACSLB 
Fig. 8. Moments in the central section of the pinched orthotropic cylinder; (1) in hoop direction; (2) in axial direction. 
plotted in Figs. 6, 7 and 8, respectively. The deflection at the load point in Fig. 6 is reduced 
greatly while increasing the stiffness ratio parameter E2/E1. This is equivalent to an increase of 
axial rigidities by adding steel rods in a pinched isotropic cylinder. Also, a parametric study is 
carried out on the deflection and moments at the load point by changing directional angles. The 
deflection and moments against the directional angle between the two coordinate systems are 
illustrated in Figs. 9 and 10. It is observed that the deflection and moments at the load point are 
strongly affected by the reinforcing effect. A decrease of the stiffness ratio parameter EJE, 
leads to greater changes in deflections and moments, whereas an increase of the parameter 
results in a tendency to less dependence on the directional angle change. These mechanical 
performances are reasonable because the deflection and internal forces are independent from 
variation of the directional angle, when the parameter E,/E, is equal to 1.0. 
- Double series sol.1 6 
Fig. 9. Deflection at the load point. 
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-1 -G- DaweI61 
Fig. 10. Moments at the load point; (1) in 
-3 
t 
hoop direction; (2) in axial direction. 
5. Conclusions 
In this paper the emphasis is placed on the development of a new computational technique for 
elastic analysis of orthotropic or quasi-orthotropic cylindrical shells under a specified loading. By 
the approach the prebuckling behaviours involving orthotropy and directional property are 
undertaken, and in the analysis a detailed parametric study is performed by the NACS54 and 
NACS48 orthotropic shell finite elements. 
As a particular case, the comparisons between the present numerical results and the double 
series solutions for the pinched isotropic cylinder have shown that closer agreement is achieved 
using the present finite elements than other numerical ones. The present FEM model possesses a 
higher accuracy because the derivation of the element stiffness matrix is based on the exact 
mathematical formulation of midsurface differential geometry of thin shells. This is different 
from traditional finite elements such as isoparametric elements. As known, the shape function 
approximations cause more or less a loss in the geometric accuracy during computation. Hence, 
the geometrically exact FEM model is especially applicable for general static and dynamic 
analyses of the shells in orthogonal curvilinear coordinates. 
In the case of orthotropy, advanced computational techniques in dealing with orthotropic and 
directional properties are relevant for a better design choice of shell structures of composite 
construction. The present approach is thus provided for design engineers of the structures. Its 
advantage is obviously able to extricate oneself from a large amount of effort in solving the 
complex differential governing equations of orthotropic or quasi-orthotropic shells under arbi- 
trary loading. An extensive parametric study for the orthotropic cylinder is performed by the 
present FEM model, though no closed-form solution is available for comparison. The plots for 
deflection and internal forces show the great influences of stiffness ratio and directional angle 
changes on the prebuckling behaviours of the cylinder. Furthermore, using the NACS54 and 
NACS48 elements, computational results corresponding to different stiffness ratios display 
interesting responses to directional angle changes. The deflection behaviour is asymmetric within 
the directional range, but the hoop and axial moments are antisymmetric at about 45” of the 
directional angle. 
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